ON THE CLASSIFICATION OF THE ALMOST CONTACT METRIC 

MANIFOLDS 



VALENTIN A. ALEXIEV AND GEORGI T. GANCHEV 

Abstract. The vector space of the tensors T of type (0,3) having the same symmetries as the 
covariant derivative of the fundamental form of an almost contact metric manifold is considered. 
A scheme of decomposition of T into orthogonal components which are invariant under the 
action of U(n) x 1 is given. Using this decomposition there are found 12 natural basic classes 
of almost contact metric manifolds. The classes of cosymplectic, a-Sasakian, a-Kenmotsu, etc. 
manifolds fit nicely to these considerations. On the other hand, many new interesting classes 
of almost contact metric manifolds arise. 



1. Preliminaries 

Let V be a (2n + l)-dimensional real vector space with almost contact metric structure 
(ip,^,r],g), where <p is a tensor of type (1,1), £ is a vector, r\ is a covector and g is a definite 
metric so that 

(p 2 x = -x + rj(x) <p(£) = 0, 770^ = 0, 

9(€, = 1> 9(<px, tpy) = g(x, y) - rj(x)r](y) 

for arbitrary vectors x, y in V . For arbitrary x G V, we denote hx = —ip 2 x. 
We consider the subspace F of V* £§> V* £§> V* defined by the conditions: 

(1) F = {F e J= I F(x, y, z) = -F(x, z, y) = -F(x, tpy, tpz) + ij(y)F(x, f , z) + r)(z)F(x, y, 0} 

for x, y, z in V . 

Let {ei},i = l,...,2n + 1 be an orthonormal basis of V. The metric g induces an inner 
product in the vector space T: 

2n+l 

<F',F">= F>(e l ,e J ,e k )F"(e i ,e v e k ); F', F" G T. 

i,j,k=l 

We associate with every F G J 7 the following covectors: 

(2) f(F)(z) = J2 F ^e llZ ), f*(F)(z) = Y^F(e h( pe h z), u(F)(z) = F{£,Z,z). 

i i 

The standard representation of U(n) x 1 in V induces an associated representation of U(n) x 1 
in F. 

It is well known the following 

Lemma 1. Let L be an involutive isometry of F, which commutes with the action of U (n) x 1 
in F. Then 

J= L + {F) ®L-{F), 
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where L + (F) and L~(F) are the eigenspaces of L corresponding to the eigenvalues +1 and 
— 1 of L. The decomposition is orthogonal and invariant under the action of U(n) x 1. The 
components of an element Fe Jin L + (F) and L~(F) are 

F+ = \(F + LF), F-= l -{L-LF). 

2. Associated forms with an element of F 
With every F in F we associate the following basic forms: 

F 1 (F)(x,y,z)= V (x)F(^,y,z), 

F 2 (F)(x, y, z) = r)(y)F(x, f , z) - rj(z)F(x, f , y), 

F s (F)(x, y, z) = ri(x)ri(y)F(€, f , z) - r](x)r)(z)F(^, £, y) 

= r](x)r)(y)u(F)(z) - r](x)r](z)u(F)(y), 

hF(x,y,z) — F(hx,hy,hz). 

Lemma 2. Let F G F. Then Fi(F)(i = 1, 2, 3) and /iF are elements of F and 

F = hF + Fi(F) + F 2 (F) - F 3 (F). 
Further we consider the forms 

F 4 (F)(x,y,z) = Tj(y)F(<px,£,(pz) - rj(z)F((px,£,ipy), 
F 5 (F)(x,y,z) = rj(y)F(z,£,x) - rj(z)F(y,£,x), 
F 6 (F)(x,y,z) = ri(y)F(<pz,€,(px) - ri(z)F(<py,Z,<px), 

F 7 (F)(x, y, z) = ^-f(F)(OMz)g(x, y) - r)(y)g(x, z)}, 

Fs{F){x,y,z) = -—f*(F)(^){rj(z)g(x,(py) - rj(y)g(x,ipz)} 

associated with an arbitrary F e F. 

Lemma 3. Let F e F. Then F(F) (i = 4, 5, 6, 7, 8) are elements of F. 
Lemma 4. Let F E F. The following relations are valid 

F n (F) = F 1 (F),F 12 (F) = F 3 (F),F 13 (F) = F 3 (F),F 14 (F) = 0, F 15 (F) = 0, 

Fn(F) = F 3 (F),F 22 (F) = F 2 (F),F 23 (F) = F 3 (F),F 24 (F) = F 4 (F),F 25 (F) = F 5 (F), 

F 31 (F) = F 3 (F),F 32 (F) = F 3 (F),F 33 (F) = F 3 (F),F 34 (F) = 0,F 35 (F) = 0, 

F 41 (F) = 0,F 42 (F) = F 4 (F),F 43 (F) = 0,F 44 (F) = F 2 (F) - F 3 (F),F 45 (F) = F 6 (F), 

F 51 (F) = 0,F 52 (F) = F 5 (F),F 53 (F) = 0,F 54 (F) = F 6 (F),F 55 (F) = F 2 (F) - F 3 (F), 

F 71 (F) = F 17 (F) = F 73 (F) = F 37 (F) = 0,F 7l (F) = F l7 (F) = F 7 (F), i = 2,4,5,7, 

F 81 (F) = F 18 (F) = F 83 (F) = 0,F 58 (F) = F 85 (F) = -F 48 (F) = -F 84 (F) = F 88 (F) = F 8 (F), 

h(Fi(F) — Fi(hF) — 0,i — l, 8, 

where F^F) = F^F)). 
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Lemma 5. Let F G J 7 . Then we have 

f(Fi(F)) = f*(F 1 (F)) = 0, u(Fi(F)) = u(F), 

f(F 2 (F)) = oo(F) + f(F)(0v, F(F 2 (F)) = f*(F)(0v, oo(F 2 (F)) = co(F), 
f(F 3 (F)) = u(F), f*(F 3 (F)) = 0, u(F 3 (F)) = u(F), 
f(F A (F)) = f(F)(0v, r(F,(F)) = f*(F)(0v, u(F 4 (F)) = 0, 
f(F B (F)) = f(F)(0v, f*(F 5 (F)) = -f*(F)(0v, ^(F 5 )(F) = 0, 
f(F 6 (F)) = f(F)(0v, f*(F 6 (F)) = -f*(F)(0v, co(F 6 (F)) = 0, 
f(F 7 (F)) = f(F)(0v, f*(F 7 (F)) = 0, co(F 7 (F)) = 0, 
f(F 8 (F)) = 0, f*(F 8 (F) = f*(F)(0v, uj(F 8 (F)) = 0. 

3. The subspaces hj 7 , vJ 7 and T\ of J 7 

The first operator L x . Let F G J 7 : L X {F) = F - 2F 3 (F). 

By straightforward computations, using lemmas 4 and 5, we obtain 

Lemma 6. L\ is an involutive isometry of J 7 and commutes with the action of U{n) x 1. 
This lemma and Lemma 1 imply immediately 
Lemma 7. T\ © J 7 ^, where 

T 1 = L- 1 {T) = {F^T\F = F 3 {F)}, 
= Lf (J 7 ) = {FgJ| = 0}. 

The second operator L 2 . Let F e J 7 ^ : L 2 (F) = F - 2{F 1 {F) + F 2 (F)}. 
Analogously to Lemma 6 we obtain 

Lemma 8. L 2 is an involutive isometry of J 7 ^- and commutes with the action of U{n) x 1. 
We have 

J 7 ^ = vJ 7 © hJ 7 (orthogonally), 

where 

vT = L 2 (Ft) = {F eJ 7 \hF = 0, co(F) = 0}, 

hj 7 = Lt{Tt) = {F eJ 7 \F 1 (F) = F 2 {F) = 0}. 

Taking into account lemmas 6, 7 and 8, we obtain a partial decomposition: 

Proposition 1. J 7 = T\ © vJ 7 © hT ' . The decomposition is orthogonal and invariant under 
the action of U(n) x 1. The corresponding components of F G J 7 are 

Pl (F)=F 3 (F), vF = F 1 (F) + F 2 (F)-2F 3 (F), hF. 

4. The subspace vJ 7 of J 7 
The operator L 3 . Let F EvJ 7 : L 3 (F) = F 2 {F) - F^F). 

Lemma 9. L 3 is an involutive isometry of vJ 7 and commutes with the action of U(n) x 1. 
We have vJ 7 — Ts © (vJ 7 )', where 

F s = L 3 (vJ 7 ) = {FeJ 7 \hF = 0, F(x, y, = 0}, 

(vJ 7 )' = J 7 ^ = L+ivJ 7 ) = {FeJ 7 \hF = 0, F(t, y, z) = 0}. 

The corresponding components of F G vJ 7 are Fi(F) and F 2 (F). 
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The operator L 4 . Let F G Fg 1 = {vF)' : L 4 (F) = -F 4 (F). 

Lemma 10. L 4 is an involutive isometry of (vJ-)' = J 7 ^ and commutes with the action of 
[/(n) x 1. We have 

{vF)' = Ft = MFi © 

where 

NT£ = L 4 "(^) = {F e T | F = F 4 (F)}, 

NFi = LUH) = {FeF\F = -F 4 (F)}. 
The corresponding components of F G (vF)' = F^ are 

i{F 2 (F) + F 4 (F)}, \{F 2 {F) - F 4 (F)}. 
The operator L 5 . Let F G NF£ (F G KfFt) : L 5 (F) = -F 5 (F). 

Lemma 11. L 5 is an involutive isometry of NF^ {NF%) and commutes with the action of 
f/(n) x 1. We have 

MFt = QSF © QKF, MTi = F e © F 7 , 

where 

QSF = L^(AfF 8 L ) = {FeF\F = F 4 (F) = F 5 (F)}, 
QKF = Lt{NFi) = {FeF\F = F 4 (F) = -F 5 (F)}, 
F 6 = L^(MF 8 ± ) = {FeF\F = -F 4 (F) = F 5 (F)}, 
F 7 = L+iUFi-) = {FeF\F = -F 4 (F) = -F 5 (F)}. 
The corresponding components of F G AfFg (F G AfFg) are 

1 -{F 2 (F) + F 4 (F) + F 5 (F) + F 6 (F)}, 1 -{F 2 (F) + F 4 (F) - F 5 (F) - F 6 (F)}, 
1{F 2 (F) - F 4 (F) + F 5 (F) - F 6 (F)}, -J{F 2 (F) - F 4 (F) - F 5 (F) + F 6 (F)} 

The operator L 6 . Let F G QSF : L 6 (F) = F - 2F 7 (F). 

Lemma 12. L 6 is an involutive isometry of QSF and commutes with the action of U(n) x 1. 
We have 

QSF = F 2 © F 4 (orthogonally) , 

where 

F 2 = L 6 (QSF) = {FeF\F = F 7 (F)}, 

F 4 = L+(QST) = {FeF\F = F 4 (F) = F 5 (F), /(F)(0 = 0}. 
The corresponding components of F G QSF in F 2 and F 4 are 

F 7 (F), 1 -{F 2 (F) + F 4 (F) + F 5 (F) + F ( 6) - 4F 7 (F)}. 

JTie operator L 7 . Let F G QKF : L 7 (F) = F — 2F 8 (F). 

Lemma 13. L 7 is an involutive isometry of Q/CF and commutes with the action of U (n) x 1. 
We have 

Q/CF = F 3 ©F 5 (orthogonally), 
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where 

j- 3 = Lr(Q)CT) = {FeF\F = F 8 (F)}, 

F 5 = L+(Q)CF) = {F G F | F = F 4 (F) = -F 5 (F), /*(F)(£) = 0}. 
The corresponding components of F G QJCJ 7 in F 3 and F5 are 

F 8 (F), - A {F 2 (F) + F 4 (F) - F 5 (F) - F 6 (F) - 4F 8 (F)}. 

Using lemmas 9-13, we get 

Proposition 2. vF — T 2 © ... © F 8 . The decomposition is orthogonal and invariant under 
the action of f/(ri) x 1. The corresponding components of F G J in Jj (i = 2, 8) are 

p 2 (F) = F 7 {F), 
p 3 (F) = F 8 (F), 

p,(F) = ~{F 2 (F) + F 4 (F) + F 5 (F) + F 6 (F) - 4F 7 (F) - F 3 (F)}, 

p 5 (F) = ^{F 2 (F) + F 4 (F) - F 5 (F) - F 6 (F) - 4F 8 (F) - F 3 (F)}, 

p 6 (F) = \{F 2 {F) - F 4 (F) + F 5 (F) - F 6 (F) - F 3 (F)}, 

= J{F 2 (F) - F 4 (F) - F 5 (F) + F 6 (F) - F 3 (F)}, 
p 8 (F) = F 1 (F)-F 3 (F). 

5. The subspace /iF 

Now, let /iV = {x e V\x = hx}. Denoting the restrictions of g and ip on hV with the 
same letters, we obtain the Hermitian vector space {hV, g,f} of dimension 2n. We identify the 
elements of hJ 7 with their restrictions on hV. Then we can consider the vector space hJ 7 as 
the vector space of the tensors hF of type (0,3) over hV having the properties 

hF(x, y, z) = -hF(x, z, y) = -hF(x, ipy, cpz) 

for all x,y,z G hV. The action of U (n) x 1 on hj 7 coincides with the action of U(n) on 
hJ- '. In p] the vector space hJ 7 has been decomposed orthogonally into irreducible components 
invariant under the action of U(n). 

Let F G hJ 7 . It is not difficult to verify that the forms 

F 9 (F) = - 1 {g(hx, hy)f(F)(z) - g(hx, hz)f(F)(y) 
2(n — 1) 

-g(x, <Py)f(F)(<pz) + g(x, ipz)f(F)((py)}, 
Fio(F) = - {F(x, y, z) + f(ipx, <py, z)}, 

F n (F) = - {F{x, y, z) + F{y, z, x) + F{z, x, y) 


-F(<px, ipy, z) - F(ipy, ipz, x) - F(ipz, Lpx, y)}, 
Fi 2 (F) = - {F(x, y, z) - F(ipx, ipy, z)}, 

are also elements of hJ 7 . 

Using the decomposition in [TJ, we have 
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Proposition 3. hT = F 9 © F w © F u © F u © F 12 , where 

T 9 = {F e T\F = hF = F 9 (F)}, 

F 10 = {FeF\F = hF = F W (F) - F 9 (F)}, 

F\\ = {FeJ z \F = hF = F n (F)}, 

F 12 = {FeF\F = hF = F 12 (F) - F n (F)}. 

The decomposition is orthogonal and invariant under the action of U(n) x 1. The corresponding 
components of F G J 7 are 

F 9 (F), F W (F) - F 9 (F), F n (F), F 12 (F) - F n (F). 

6. Applications to almost contact metric manifolds 

Let M be an almost contact metric manifold with structure (</?, g), where ip is a tensor 
field of type (1,1), £ is a tensor field, r] is a 1-form, and g is a Riemannian metric on M such 
that 

<p 2 x = -x + r}(x)£, #(£,£) = 1, 770^ = 0, 

V £ = 0, g((px, ipy) = g{x, y) - v(%)v(y) 
for arbitrary vector fields x, y on M. For all vector fields x, y, z on M we denote 

(3) F(x,y,z) =g((y x tp)y,z). 

Let T p M be the tangent space to M at p G M and F = T P M. The restriction F p of F given 
by (3) on V has the properties (1). We shall call M is of class Wj (z = 1, 12) if F p is in the 
subspace T\ (i = 1, 12) for every p G M. Using the propositions 1, 2 and 3 we obtain 12 
basic classes of almost contact metric manifolds . Further we give the defining conditions for 
these classes. Let F be given by (3) and /, /*, u be f(F), f*(F),u>(F) respectively defined by 
(2). 

The class Wi : 

F(x, y, z) = rj(x)r](y)uj(z) - r](x)rj(z)uj(y). 

The class W 2 : 

F(x, y, z) = ^-{rj(z)g(x, y) - r)(y)g(x, z)}. 

This is the class of a-Sasakian manifolds. 
The class W 3 : 

/*(£) 

F{x, y, z) = ^— {rj{z)g(x, (py) - r]{y)g{x, <pz)}. 

This is the class of a-Kenmotsu manifolds. 
The class W 4 : 

F(x, y, z) = r](y)F(ipx, f , ipz) - rj(z)F(ipx, f , ipy) 

= V (y)F(z, e, x) - V (z)F(y, £, x), /(£) = 0. 
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The class W 5 : 

F(x, y, z) = r](y)F(ipx, f , tpz) - rj(z)F((px, f , ipy) 

= -v(y)F(z, e, x) + V (z)F(y, £, x), /*(£) = 0. 

The class Wq: 

F(x, y, z) = -rj(y)F(ipx, £, <pz) + rj(z)F(ipx, f , ^) 
= ri(y)F(z,Z,x)-ri(z)F(y,S,x). 

The class W 7 : 

F(x, y, z) = -r](y)F((px, £, <pz) + r](z)F(ipx, f , py) 

F(hx,hy,hz)=F(x,y,t) = 0. 

The class W 9 : 

F(£,y,z) = F(a;,y,£) = 0, 
y, 2) = _ - #(<^x, 

<PV)f(<Pz) + 9(x, <pz)f(<py)}. 

The class W w : 

F(Z,y,z) = F(x,y,O = 0, 
F(<px,(py,z)-F(x,y,z) = Q, f = 0. 

T/ie class Wn: 

F(^,y,z) = F(a;,y,0 = 0, 
x, z) = 0. 

T/ie dass W12 ' 

F(£,y,z) = F(a;,y,£) = 0, 
y, z) + F(y, z, x) + F(z, x, y) = 0. 

The class of cosymplectic manifolds is characterized by F = 0. This class is contained in all 
Wi (i = 1, 12). An almost contact metric manifold M belongs to two classes Wj, Wj (i ^ j) 
iff M is cosymplectic. 
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